prime ideals "separate modules" [11] . It ensures that any localizable semiprime ideal is automatically classical (combine [9] , 3.6 with [8] , 4.4(5) ). Recall also that primitive ideals of FBN-rings are maximal with simple artinian factorrings, and that noetherian Pi-rings (i.e. noetherian rings with polynomial identity) are FBN.
A useful criterion from [8] : A semiprime ideal S of a rightnoetherian ring R is right-localizable (i.e., the multiplicative set ^(S) has the right-Ore condition) if and only if ^(S) operates regularly on the injective hull E(R/S).
Some terminology: module means right-module; but ideal, noetherian, Ore etc. means left-and right-ideal, -noetherian, -Ore etc., unless specified otherwise. κ(M) is the Krull dimension [5] , and E(M) is the injective hull, of the module M. J(R) is the Jacobson radical, and ^(S) is the multiplicative set of modulo S regular elements, of a ring R. The collection of prime ideals P of an FBN-ring R with tc(R/P) -a will be called the α-stratum of spec R: note that distinct prime ideals in the same stratum are incomparable ( [5] , 7.2).
II. FBN-rings. LEMMA 
Let R be an FBN-rm#, P and Q prime ideals in the a-stratum, and R = R/QP. Then ^(Q Π P) is Ore in R, and the corresponding quotient ring A is artinian, with two maximal ideals PA and QA and J(Af = 0.
Proof (cf. [9] , proof of 5.
2). Let E ~ E(R/(Q n P) Ξ ) which is α'-smooth, and F = ann E (QP) = E(R/Q Π Ph).
<έ?(Q_n_P) operates regularly on F: if 0 Φ xeF and c e ^(Q Π P), let ~xR be the top factor of an α-composition series of xR; then ann β (xR) = P r is a prime ideal with fc(R/P') = a. FQP = 0 implies QP c P' hence Q or P(zP f hence Q or P = P' since all three lie in the α-stratum; hence c e^(Q n P) = ^(Q) Π ΐr(P)c^r(P'). Thus c operates regularly on the non-singular iϋ/P'-module xR, hence xe Φ 0.
By the criterion cited in the preliminaries, ^{Q Π P) is an Oreset. The quotient ring A is noetherian, semilocal with maximal ideals PA and QA and J(A) = (Q Π P)A, hence J(A) 2 = 0 since (Q Π P) 2 c QP; hence A is artinian.
REMARK.
The kernel of R -> A, i.e. the torsion radical of R for the (Q Π P)-torsion theory, is ann^(F) = ann^ ann^ (QP) = REMARK. Since (3) is left-right-symmetric (as IA -AI for every ideal I of R), these conditions are also equivalent to their left-rightanalogues with (the roles of P and Q interchanged, i.e., to the existence of a left-link from Q to P.
Proof. If 0~+X ->Y->Z-»0 is given as in (1), then up to isomorphism Ic YaE P since X is a uniform nonsingular R/P-moάule and since Y is uniform; similarly Z c E Q .
Under localization, 0^X(x)A-> Γ(x) A->Z(g) A-^0 stays exact, X®A and Z®A are simple A-modules of type A/PA and A/QA respectively, and the sequence is nonsplit since Y (x) A stays uniform. Hence Exti (A/QA, A/PA) Φ 0, i.e., (2) .
Conversely if (2) holds, then there is a nonsplit exact sequence 0-+ X-+ Y->Z->0 of A-modules, where X and Z are simple with annihilators PA and QA respectively. Nonsplitting forces Y to be uniform as A-module, hence X, Y, and Z are uniform as i2-modules; and the annihilators of X and Z in R are just P and Q, since these prime ideals are closed in the (Q Π P)-torsion theory. Moreover X and Z are (Q Π P)-torsionf ree hence nonsingular R/P-respectively .β/Q-modules, hence critical; and we have recovered the situation (1).
The equivalence of (2) and (3) follows from the homological duality isomorphism ( [1] , 120), using that hom A/PA ( -, A/PA) is a duality between finitely generated right-and left-modules over the simple artinian ring A/PA, carrying the right-module A/PA into the left-module A/PA. to the existence of an ideal IqtP with (QnP)IcQP (take I = RcR + P and use the Lemma in [7] ), establishing the equivalence of (3) and (4).
REMARKS. (1) One can deduce that the existence of a self-link from P to P is equivalent to P Ξ2 P (Z) > the symbolic square of P [13] . Analogously the existence of a link from P to Q may be interpreted to mean that Q Π P is strictly larger than an appropriately defined symbolic product.
( 2) If P and Q are maximal ideals (i.e., in the O-stratum), then A = RJQP (since the latter is already artinian), and a link P~>Q exists if and only if Q f] P 5 QP.
( 3 ) The [links between finitely many prime ideals P ί9
, P n (in the same stratum of spec R) can be visualized in an artinian ring: the proofs of Lemma 1 and Proposition 2 go through for R = R/S 2 where S -P 1 Π ΠP», and its artinian quotient ring A with maximal ideals P t A and J(Af = 0. Hence a link P t -> P 3 exists in R if and only if P 3 A Π P*A =2 P.P^A. Note on the other hand that for a bounded HNP-ring, the occuring graphs are very restricted: they are directed circuits, corresponding to the cycles of [3] . LEMMA 
The following are equivalent for prime ideals P, Q in the a-stratum of an FBN-ring R:
(1) there is a nonzero homomorphism φ: E P -• E Q ; ( 2) there exists eeE P with ann^ (eR) c Q; (3) Q is the annihilator of an a-composition factor of E P .
Proof. If 0 Φ φ: E P -+ E Q is given, then there is e e E P with Φ(e) Φ 0 and ann Λ (φ(e)B) = Q.
Then φ(e) ann (eR) = 0 hence ann (eR) c Q.
If e e E P with ann (eR) c Q is given, consider an α-composition series 0 = B o £ £ B n = eR; then the ann^ (BJBt^) = P t are prime ideals of R with ιc(B/P t ) = a.
Then βi? P % P ι = 0 hence P Λ Pyd ann (ei2) c Q hence P i c Q for some ί.
If finally Q is the annihilator of the α'-composition factor AjB of E P , then A/B is a uniform nonsingular R/Q-module hence embedds into EQ 9 and the natural map A -• A/B extends to a nonzero homomorphism E P -*E Q . PROPOSITION 
Let P, Q be distinct prime ideals in the a-stratum of an FBN-rmg R. Then a finite chain of links P~± P ι~± > Q exists if and only if there is a finite chain of nonzero homomorphisms E
Proof. If P~»Q is given, one has 0-> X-+ Y~> Z -• 0 with XczYczEp and ZcE Q as observed in the proof of Proposition 2, and Y" -> ^ extends to a nonzero homomorphism E P -> E Q .
Conversely, associate with every Q r in the α'-stratum, for which a nonzero homomorphism Έ P -+ΈQ> exists, an ^-composition series of shortest length for a finitely generated submodule of E P , for which Q' is the annihilator of a factor (necessarily the top factor); this is possible by Lemma 3. We proceed by induction over this shortest length. and Proposition 2 (4), and we are done.
REMARK. The proceeding proof motivates the notation P -> -> Q, if /c(R/P) = iί(RjQ) and if a nonzero homomorphism E P -• ϋ7ρ exists. Note that all the intermediate primes in both chains of Proposition 4 belong automatically to the ^-stratum.
By Proposition 4, P -> Q and P -»-•» Q generate the same equivalence relation on spec R. By the remark following Proposition 2, the very same equivalence relation arises from left-links. The equivalence class of P in this equivalence relation will be written class (P). THEOREM 
A prime ideal P of an FBN-ring R belongs to a clan if and only if class (P) is finite; then clan (P) = class (P).
Proof. Assume class (P) to be finite, and put S = Π class (P). If S is not right-localizable, there exists c e ^(S) and 0 Φ e e E Q for some Q e class (P) with βc = 0, by Jategaonkar's criterion. If the top factor eR of an ^-composition series of eR is annihilated by Q', then Q' e class (Q) = class (P) by Lemma 3, hence c e ^(S) c 9f(Q')> hence c operates regularly on the nonsingular jK/Q'-module eϋ?; a contradiction to ec = 0. Thus and by left-right-symmetry, S is localizable hence classical, hence a union of clans ([16] , Theorem 4); in particular P belongs to a clan.
Assume conversely that P belongs to a clan; put S = Π clan (P) and select P' e clan (P) with maximal κ(R/P') = a. If P' ~> ~> Q then by Lemma 3 there is eeE P > with ann (&#) c Q; by [8] , 4.4(5) there is % with eS* = 0. Thus S n c ann (eR) c Q hence there is P"eclan(P) with P" cQ. Consequently ιc(BIP") ^ A:(J8/Q) = /c(i2/P') = α and by maximality of a, /c(R/P") = α hence Q = P" e clan (P). This shows class (P') c clan (P); hence class (P') is finite and therefore by the preceeding consideration classical; therefore class (P') = clan (P). If R is a f actorring of R, then a link P -> Q in JB gives rise to a link P-> ζ) in ϋJ, but not necessarily vice versa: we write J^class(P)~>5-class(Q) if there exist P' e .B-class(P) and Q' e β-class(Q) with P' -> Q'. THEOREM 7. Let R be an FBN-riw# with prime radical N, let R = B/N, and let P, Q, be distinct prime ideals in the a-stratum of spec R. Then β-class (P) ~~* E-class (Q), if and only if JB-class (P) = β-class (Q) or there exist P" e .β-class (P) and Q" e jβ-class (Q) such that rt-ann* (N/Q"N) c P".
Proof. By Proposition 2 (4), the links in R and R/N 2 are the same; hence assume without loss of generality N 2 = 0.
1. R = R/N is again an FBN-ring, and the indecomposable injective ^-module corresponding to the prime ideal P is U P = ann^p (N). The exact sequence 0 -> N-• ϋ? -> JB ^^ 0 yields under the functor hom^( -, ίJp) the exact sequence 0 -> U P~+ E P -+ H P -+0 where H P = hom β (iV, Jίp) = hom^ (iV, C7 P ), using N 2 = 0. The injective hull of H P as β-module is the direct sum of α Γ smooth indecomposable injective U Qi , since R is FBN; as H P Π U Q . Φ 0 by essentiality and as H P is a factor of the ^-smooth module E P9 a t ^ a.
A given link P~»Q yields a nonzero homomorphism φ: E P -• Sρ by Proposition 4. ^ has either nonzero restriction U P -> U Qf in which case P~>~*Q in β, i.e., jB-class (P) = R class (Q); or zero restriction to Up, in which case it induces a nonzero homomorphism φ: H P -• ί7ρ. Then ^ extends to the jB-injective hull φ U Qi of ίί P , and some component ^t: C/Q. -• ί7 Q of this extension is nonzero. For such ί, CL X ^ fc(R/Q) = α hence ^ = α, hence Q< -> -> Q or Q € e β-class (Q).
By essentiality there exists 0 Φ β eH P (λ U Q . with βQ t = 0; this means β(QiN) = 0 hence induces 0 Φ β: N/Q ι N~+ U P . Consequently the right-^B-module N/QiN is not P-torsion, hence the ideal rt-ann (N/QiN) is contained in P. This proves one direction of the theorem.
Assume conversley rt-ann (N/QN)a P. Then the right-module
N/QN cannot be P-torsion: otherwise and since it is finitely generated as left-module, rt-ann (N/QN) would be P-dense hence ς£P. Consequently there exists 0 Φ β: N/QN-+ U P ; and we may choose βB uniform; notice βQ = 0. Then for any 0 =£ 7 e βB we have B =
ann (ΎR) D Q; and since a = κ(R/Q) ^ ιc(B/B) ^ lt-ιc(N/BN), which equals by [9], 2.2 τt-/c(N/BN) ^ /c(N/ker 7)
, which equals a since N/ker 7 embedds into the α:-smooth module U P , one gets α = fc(R/B) hence £ = Q by [5] , 7.5 and 7.2. This shows that βB is a uniform prime hence α -criterical module ([9], 2.5).
Pick eeE P which maps to β e H P under the sur jection E P -+ H P1 240 BRUNO J. MULLER and take an ^-composition series of eR Π U P , all whose factors have annihilators in β-class (P) by Lemma 3, applied to the β-module U P . As βR = eR/(eR Π U P ) is α-critical with annihilator Q, one has an α-composition series of eR whose top factor has annihilator Q while all other factors have annihilators in β-class (P). Now take among all ^-composition series of finitely generated submodules of E P with these properties, one of shortest length, say 0 = B o £Ξ ... s= B n . As in the proof of Proposition 4,
3. It remains to deduce the same conclusion from the assumption β-class (P) = β-class (Q). But then β-class (P) has at least the two members P and Q, and then a link P' ~»P" between suitable P', P" e β-class (P) obviously exists. by [9] , 2.1 and 2.2; hence equality holds throughout. The first equality implies ζ> = lt-ann (N/QN) 9 and the second one that P is a minimal prime ideal over rt-ann (N/QN).
Hence for given Q, such prime ideals P exist if and only if lt-ann (N/QN) = ζ>, ann in this case there are only finitely many of them (since a noetherian ring has only finitely many minimal prime ideals). This means that any Q is directly linked in R to only finitely many β-classes; consequently if |β-class (P)\ ^ fc$ for some infinite cardinal fc$ and all P, then also | β-class (P)| ^ y$.
Ill* Noetherian Pi-rings* Let β be a noetherian Pi-ring, i.e., a noetherian ring with a polynomial identity with integer coefficients which is proper on every nonzero factorring [18] . For a prime ideal Q of β, Pi-degree (Q) = n if R/Q satisfies S 2n but not S 2 ._ 2 . PIdegree (β) = max {Pi-degree (Q): Q e spec β} is a well defined natural number, for any Pi-ring β.
If β is a semiprime Pi-ring and if Q is a prime ideal of R with Pi-degree (Q) = Pi-degree (R) = n 9 then Q doesn't contain all evaluations of the Formanek polynomial [4] for n x ^-matrices, hence the commutative localization B π at the prime ideal Π = Qf] centre (R) of the centre inverts all elements of if (P) ( [2] , [21] , [18] ); thus such Q is classical, i.e. {Q} is a clan. Define N n = f\ {Q e spec R: Pi-degree (Q) <j %}, a semiprime ideal of the noetherian Pi-ring R. For any factorring R/I with IczN n which has only prime ideals of Pi-degree ^ w, in particular for Rj{Nl + N n+1 ), the i2/I-classes are described by Theorem 7 via the 5/JV»-bimodules NJ(QN n + JV» +1 ) and NJ(N n Q + 2V Λ+ι ) as certain mergers of iϋ/Λ^-classes. On the other hand i2/.N n+1 -class (P) = {P} if Pi-degree (P) = n + 1 by the preceding paragraph, and R/N n+1 -class (Q) = Λ/(iV2 + iSΓ n+1 )-class (Q) if Pi-degree (Q) ^ w, since any link Q -> Q' between prime ideals of R/N n+1 of Pi-degree ^ % shows already in B/(Q'Q + JV n+1 ) hence a fortiori in R/(m + 2V Λ+1 ); cf. Proposition 2.
Summarizing:
in passing from .K/iV^ to B/(Ni + iV w+1 ) (or to JS if Pi-degree (R) ~ w) certain 2ϋ/iV % -classes merge to form the R/(N% + N n+1 )-classes (or i2-classes) according to Theorem 7; in passing from RI{Nl + N n+1 ) to R/N n+1 certain new singleton i2/^n +1 -classes appear but no mergers occur.
Climbing in this way from the commutative ring RjN^ in finitely many steps to the noetherian Pi-ring R, provides a description of its classes. Combining this with Remark (2) after Theorem 7 yields: COROLLARY 
For every noetherian ~Pl-ring, the classes are at most countable.
Unfortunately the step from countable to finite classes, i.e., clans, is still difficult; we have only a rather trivial positive result and a couple of counterexamples: PROPOSITION 
If an FEN-ring satisfies INC with respect to its centre, then it has enough clans. In particular this applies to any noetherian ring which is integral over its centre, and to every prime noetherian Pi-ring of Krull dimension one.
Proof. For an FBN-ring with centre C, the intersection Q Π C is the same for all Qe class (P): if aeQπC and P->ζ>, then by Proposition 2 (4) for the ideal I = aB, (Q Π P)I = a(Q nP)cQP hence aeaRczP.
Therefore if R satisfies INC (i.e., if prime ideals of R over the same ideal of C are incomparable [10] ), then all Q 6 class (P) are minimal over (P Π C)R hence finite in number; so Theorem 5 yields the result.
If R is noetherian and integral over C, it is automatically fully bounded [20] and has INC [6] . If R is a prime noetherian Pi-ring of Krull dimension one, all nonzero prime ideals are maximal and have nonzero intersection with C [17] , hence INC holds again.
REMARKS. (1) Every FBN-ring of Krull dimension zero has enough clans, in fact is artinian. We do not know whether every prime FBN-ring of Krull dimension one has enough clans; apart from our result for noetherian Pi-rings this is true for HNP-rings (cf.
[16]), by a proof in the spirit of our approach [12] .
(2) Our argument also shows the following: for any prime ideal 77 of the centre C of any FBN-ring R, the prime ideals P of R with maximal κ(R/P) among those containing 77, belong to clans. Note that such P exist for every 77. Then I? has Krull dimension two as desired; the two nonmaximal PI-degree-one prime ideals (j j) and (j o) form a clan; but the maximal Pi-degree-one ideals determine infinite classes.
Indeed consider the class determined by the prime ideal of R which in turn is determined by the irreducible polynomial q of B -k[x + i/ 2 ], with roots ρ lf , <o s in the algebraic closure of k. For t = x + V 3 , q(t -a)q(t + a) e A Π QC since it is invariant under the automorphism *; conversely if f(t) generates the A-ideal A Π QC, then f(t) = g(ί -a)g(t) for some # e C hence /(*) = /(*)* = g(t + a)g*(t) hence f(tf = g(t-a)q(t+ά)q(t)g*(t) with gg*eΆ; therefore the roots of f(t) are precisely ^ ± a.
Consequently the prime ideals & and & in the class in question, correspond to the minimal polynomials of all the pi + na for even respectively odd integers n; since these are infinite in number, the class contains infinitely many prime ideals of both types. F 2 ) may be chosen finite-dimensional, algebraic or transcendental; then R is finitely generated as module, integral or nonintegral over its centre {F γ Π F 2 ) + #JF[£], respectively.
